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Question 1 The Helmholtz equation can be obtained as the Fourier transform
of the wave equation,

∆u+
ω2

c2
u = 0

1. At high frequency, this equation can be approximated by the eikonal equa-
tion. To see this,

(a) first write the solution as the wave

u(x, ω) = A(x, ω)eiωϕ(x)

(b) Using this, show that the Helmholz equation reduces to(
(∂jϕ)

2 − 1

c2

)
− i

ω

(
2

A
∂jA∂jϕ+ ∂2

jϕ

)
− 1

ω2A
∂2
jA = 0

(c) Finally take the limit ω → ∞ and show that the previous equation
reduces to

|∇ϕ(x)|2 =
1

c2
(1)

2. Solve the eikonal equation with the initial condition ϕ(x, 0) = −
√
1 + x2

3. The wavefront of a time-varying field can be defined as the set of all the
points where the wave has the same phase. Knowing that light propagates
in the direction of the gradient of the phase, show that light always prop-
agates normal to the wavefront.

Question 2 We want to solve the equation

u = u2
x − 3u2

y

with the initial condition u(x, 0) = x2
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Question 3 Solve the Cauchy problem{
ux = −(uy)

2 x > 0, y ∈ R
u(0, y) = 3y y ∈ R

Question 4 We consider an elementary incoming plane wave ei(kI ·x−ωt) where
k represents the constant incoming wave number. We assume that this plane
wave reflects off a curved boundary which is parametrized as (x, y) = (x0(τ), y0(τ)).
Let R(x, y)ei(u(x,y)−ωt) denote the reflected wave. We assume that the total field
on the interface is zero (this implies 0 = ei(k·x−ωt) + R(x, y)eiϕ(x)e−iωt) and
hence u(x0, y0) = k · x0. Using this, together with the fact that light propagates
in the direction ∇ϕ(x) and that the phase of the reflected wave has to obey the
eikonal equation

|ϕx|2 + |ϕy|2 = |kI |

show that the angle of reflection off a curved boundary is the same as the angle
of incidence.

Question 5 Solve the following Cauchy problem{
u2
x + u2

y = 4u (x, y) ∈ R2

u(x,−1) = x2 x ∈ R

Question 6 Solve the Cauchy problem{
c2(u2

x + u2
y) = 1, (x, y) ∈ R2

u(cos s, sin s) = 0, s ∈ R

Question 7 We consider the transverse vibrations of a simply supported beam
which has zero initial velocity and whose initial displacement is f(x) = Ax(L−x)
where A is a constant and L is the length of the beam. This phenomenon can
be described by the fourth order PDE

∂2y

∂t2
+ a2

∂4y

∂x4
= 0

say with the boundary conditions

1. y(0, t) = 0

2. y(L, t) = 0

3. ∂2

∂x2 y(0, t) = 0

4. ∂2

∂x2 y(L, t) = 0

5. ∂
∂ty(x, 0) = 0

6. y(x, 0) = Ax(L− x)
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Find the solution of this problem.

Question 8 Solve the vibrating string problem for the following boundary con-
ditions

1. u(0, t) = 0

2. u(1, t) = 0

3. ∂
∂tu(x, 0) =

x(x−1)
100

4. u(x, 0) =

{
x

100 0 < x < 1/2
1−x
100 1/2 < x < 1

Question 9 Solve the vibrating string problem if the string (of length L) if fixed
at the end points, and has initial velocity given by

u(x, 0) =

{ h
αLx x < αL
− h

L(1−α)x+ h
L(1−α)αL+ h x > αL

and initial displacement given by

∂

∂t
u(x, 0) =


4k
L x x < 1/4L
k 1/4L < x ≤ 3/4L
− 4k

L x+ 3k
+ k

For α = 1/4
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