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This note was written as part of the series of lectures on partial differential
equations (MATH-UA 9263) delivered at NYU Paris in 2022. The version is
temporary. Please direct any comments or questions to acosse@nyu.edu.

Laplace and Poisson’s equations

Laplace’s equation Au = 0 occurs frequently in the applied sciences, in particular in
the study of steady state phenomena. its solutions are called harmonic functions.

To be precise we say that a function u is harmonic in a domain 2 C R" if
u € C%(2) and Au =0 in Q.

As an example, the equilibrium position of an elastic membrane is a harmonic func-
tion as is the velocity of a homogeneous fluid. Another example is the steady state
temperature of a homogeneous and isotropic body as we saw when studying the heat
equation.

Slightly more general, Poisson’s equation plays a role in the theory of conservative
fields where the vector field is derived from the gradient of a potential. Examples
include

e Electrostatics. If we consider a potential V', the relation between the electric
field £ and the potential is given by E = —grad V' (the electric field is perpen-
dicular to the equipotentials). If D denotes the electric flux density, D = ¢F,
from the point form of Gauss law, we can write V - D = p, where p, is the
volume charge density. Then using the fact that E is derived from the potential
V, we get

V- (=eVV) = p,

which for a constant permittivity e can read as —AV = p, /e



e Similarly, if we consider a gravitational field F'(x) generated from a mass density
p(x), and if this field can be expressed from the gravitational potential ®(x),
Gauss law for gravity is used to express the fact that the flux of the gravitational
field F through the surface S = 9V is equal to —4wGm where m = [}, p(x) dx
is the total mass contained in the volume V', i.e.

%F-ﬁdS:—MTGm
s

From the assumption that the field F' can be derived from a potential @, as in
the electrostatic case, we then get

—yg Vo .-idS =—-4rGm = —47rG/ p(x) de
S \%4
and applying the divergence theorem,

/ V. (VD) dV = 4xG / p(z) dV
v v
As the relation holds for all volumes V', we can infer

AP =V - (V) =4rnGp

In order to understand the properties of harmonic functions, let us consider a mul-
tidimensional random walk. That is to say, we fix a time step T" > 0, a space step
h > 0 and use hZ? to denote the lattice of points & = (1, z2) whose coordinates are
integer multiples of h. If we use p = p(x1,x2,t) to denote the transition probability
function, the probability to find the the particle at position x at time ¢t 4+ 7 can read
as

1
p(a,t+7) = 7 {p(x + hei,t) + p(x — he1,t) + p(@ + hes, t) +p(z — hes, 1)} (1)

If we introduce the mean value operator M) whose action on a function u is defined
as

—_

Mpu(z) = = {u(x + hey) + u(x — hey) + u(x + hes) + u(x — hes)}

== Y uy)
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we get p(a,t + 7) = Mpp(x,t). Note that Mpu(x) gives the average of u over the
points of the lattice hZ? at distance h from x (discrete neighborhood of & of radius
h). Also note that the value of p at time ¢ + 7 is determined by the action of M}, on p
at the previous time. For this reason, we call M}, the generator of the random walk.
If w is twice continuously differentiable, taking the limit, we get

im Mpu(x) — u(x) R 1

ilLl—>o h? ZAu(:c)

Le. using a Taylor expansion around «, for each of the u(x + he;), we get
h2 2

h
Mpu = u(x) + Zuxlm + Zuaczacz + O(hg)-



Such a formula suggests to introduce for any fixed h > 0 a discrete Laplace operator
of the form

. 4
A = 55 (M = 1)
The operator A} acts on functions u defined on the lattice hZ? and we therefore say
that a function u is d-harmonic (the d standing for discrete) if Afu =10

We see that the value of a d-harmonic function at any point x is given by the average
of the values of u at the points in the discrete neighborhood of @ of radius h.

Guided by this discrete characterization, we will now establish fundamental properties
of harmonic functions. Since d-harmonic functions are defined through a mean value
property, it seems natural to expect that harmonic functions will inherit a similar
mean value property. We can in fact say more as indicated by the following theorem

Theorem 1. Let u be harmonic in Q@ C R™. Then for any ball Bg(x) CC Q°,
the following mean value formulas hold

n
ue) = o [ utw)ay @
wan BR(w)
1
u@) = s [ (o) do 3)
wy 1 OBRr(x)
Where w,, is the surface measure of 0By and 0B; is the unit sphere in R™.
In general wy, = F’EZ—Z; where D(s) = [F°t*~1e~t dt is the Euler Gamma
2

Sfunction.

?For any two open subsets U and V of R™, we write U CC V and say that U is
compactly contained in V if U C U C V and U is compact

Proof. We start with the second formula. For r < R (note that y € R", o € R"), we
let

),
g(r) = u(o) do
()= S o (o) (o)

We apply the change of variables o0 = x 4 ro’ (i.e ¢/ = 2=2), then o’ € 9B1(0),
do = r""ldo’ and

1
g(r) = —/ uw(x +ro’) do’
9B1(0)

Wn
Let v(y) = u(x + ry). From this we have

Vyo(y) = rVu(z + ry)
Ayo(y) = r°Au(z +ry)



1 d 1
g(r)=— —u(x +ro’)de’ = — Veu(x +ro’) - o’ do’

wn Jam, (o) dr wn JaB, (0)
11
Wn T JoB,(0)

Using the divergence theorem, we obtain

1 , P 1 r
— Vu(o') - o' do’ = — Av(y) dy = — Au(x+ry)dy =0
WnT JoB;(0) WnT J B, (0) Wn J B, (0)

In the last equality we use the fact that the function u is harmonic. This shows that
the function g(r) is constant (i.e. ¢’(r) = 0) yet since g(r) — u(x) as r — 0, we must
have g(r) = ﬁ faBR(w) u(o) do = u(x) for every R.

To derive the second relation, simply note that using

1
u(x) = = /BB,,(m) u(o) do,

multiplying by 7"~ ! and integrating both sides over r = 0 to R we get

R 1 (R
/ r"lu(x) de = — dr / u(o) do
0 Wn Jo OB,.(x)

R 1
& —u(x) = —/ u(y) dy
i@ =
This concludes the proof. O

We say that a continuous function satisfies the mean value property in € if the two
relations (2) and (3) hold for any ball Br(x) CC Q. In fact, one can show that if w is
continuous and possesses the mean value property in a domain €2, then v is harmonic
in Q. From this, we see that there exists an equivalent characterization of harmonic
functions through the mean value property.

Using the mean value formula, we can derive the following maximum principle known
as Harnack’s inequality

Theorem 2 (Harnack’s inequality). For each connected open set V.CC U,
there exists a positive constant ¢ depending only on V' such that

supu < cinf u
% \%
For all non negative harmonic functions u in U.
What Harnack’s inequality is demonstrating is that the values of non negative har-

monic functions are all comparable. I.e. u(x) cannot be very small (or very large) at
any point in V unless it is very small (or very large) in all V.
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Figure 1: For any two points z,y € V, the set V can be covered by a sequence of balls
of sufficiently small radius r ensuring that the non negative function u(x) remains
harmonic inside the ball. One can then relate the points inside each ball by means of
the mean value formulas.

This follows from the fact that for any x that does not lie on the boundary, one can
always find a small neighborhood in which w satisfies Laplace’s equation and thus the
mean value formulas.

Proof. Let V,, = #2/3_1) denote the volume of the unit ball in R™. Note that this

implies |B,| = V,r™ (i.e. the volume of the radius r ball is obtained by multiplying
Vi by ™)

Take r = 1dist (V,0U) and choose z,y € V with |z — y| < r. From the mean value
formula, we get

1
u(x) = ][ u(z) dz > / u(z) dz
B(x,2r) Vn2nrn B(y,r)

— 1 —
2" JB(y,r 2n

As this relation holds for any pair (x,vy), we can replace  with y (and vice versa)
from which we get

Since V is connected and V is compact, we can cover V by a chain of finitely many
balls {Bi}ﬁvzl, each of which has radius 2r and such that B;NB;_1 # 0 fori =2,...N
( Fig. 1). Then

1

u(x) > mu(yﬁ

Ve,yeV



Fundamental solution and invariant properties

As we did for the diffusion equation, let us start by looking at the invariant properties
characterizing the operator A. Those include

e Translations. Clearly, if u(2) is harmonic, we have u(x — y) harmonic for any
fixed y.

e Rotations. Invariance by rotation means that given a rotation in R™, represented
by an orthogonal matrix M, (i.e. such that M~1 = M7T), v(x) = u(Mz) is
also harmonic in R™. To check this, observe that if we denote by D?u the Hessian
of u (encoding the second order derivatives), we have Au = Tr(D?u). In partic-
ular, since D?v(x) = MT D?>u(Mx)M, one can show Tr(MT D*>u(Mz)M) =
Tr (D?*u(Ma)) = Au =0 (as M is orthogonal). Now, as for the heat equation,
one could wonder if the invariance does not arise from the particular structure of
the solutions. In this case, a typical rotation invariant quantity is the distance
function from a point, that is » = |&|. In this case, it therefore makes sense to
look for a solution of the form u = u(r). Such a solution is derived below

Substituting © = u(r) in Laplace’s equation and using the cylindrical and spherical
formulations of the Laplacian, we get

0%u . 10u

or2  ror

e In dimension 3, using spherical coordinates r,¢, 0,7 > 0,0 < ¢ < 7,0 < 0 < 27,
the Laplacian reads as

iQ gﬁ i #872 + 872 + cot wi
or2  ror  r?2 | (siny)?2 002 o2 o
Radial part

Spherical Part
Laplace Beltrami operator

e In dimension 2, = 0 so that u(r) = Cylogr + Cs.

A —

For a function that only depends on r, we see that again, Laplace’s equation
reduces to

Pu  20u
or2 " ror
The general solution of this equation is u(r) % + Cs, where C1,Cs are

arbitrary constants. Choosing Cy = 0 and C; = (4m)~lifn =3, C; = —(27)~!
if n = 2, the function




is called the fundamental solution of Laplace’s equation. Note that V' (n) encodes
the volume of the radius one ball in R™. The particular choice of constants
is made to satisfy A®(x) = —Jd,(x) where J,(x) is the n-dimensional Dirac
measure that we introduced in previous lectures. When n = 3, 47® represents
the electrostatic potential due to a unitary charge located at the origin and
vanishing at oo.

The Newtonian potential

Suppose that (47) 71 f(x) gives the density of charge inside a compact set in R3. Then
®(x —1vy)f(y) dy represents the potential at & due to the charge (47)~! f(y) dy inside
a small region of volume dy around y. The full potential is given by the sum of all
the contributions from the charges distributed according to f(y)

u(x) = /RS O(x —y)f(y) dy = ! /w)

T dr rs [T — Y|

(4)

which is the convolution between f and ® and is called the Newtonian potential of f.
Informally (we will show that this formally holds in the proof of Theorem 3 below)
we have

Au= | Ae®(@—y)fly)dy=— | (@ -y)f(y)dy=—f(x)

Note that (4) is not the only solution to Au = — f since u(x) + ¢ is a solution for any
constant c. However, the Newtonian potential is the only solution vanishing at co.
This idea is summarized by the following theorem

Theorem 3. Let f € C?(R™) with compact support. Let u be the Newtonian
potential of f defined by

u(e) = [ a-y) f(u) dy Q

Then u is the only solution in R™ of Au = —f belonging to C*(R™) and
vanishing at co.

Proof. As usual when we want to prove a uniqueness result, we consider another
solution v € C?(R?) vanishing at infinity. Note that from an application of Theorem 2,
we get

sup(u — v) < cinf(u — v)

Since both u and v vanish at oo, this necessarily implies ©w — v = 0. In other words,
as soon as we have a solution, we know that this solution is unique. we are thus left



with showing that the solution u corresponding to the Newtonian potential satisfies
Poisson’s equation and is C?(R?). Recall that we have

1
—2—10g|w| n=2
b(z) = ! 1

n(n —2)V(n) |x|"—2

Now note that
u@) = [ w2y = [ fe-yo) ay

To show that u is C? we consider the ratios

u($+heii)—u(m) :/RS B(y) {f(w—i—hei—z}i)—f(w—y)} dy

Now in order to take the limit and move it inside the integral, we need to satisfy two
conditions: (i) uniform convergence of the sequence

= [fthe =y - =y

and (ii) integration over a finite set. Condition (ii) is satisfied since f(x) has finite
support. For the uniform convergence, note that for the first order derivatives, we
can always use a Taylor approximation, which gives

’3f _ f(@thei—y) - flz—

y)’ < hsup | D f|

The right-hand side (which does not depend on x) is well defined since by assumption
f is twice continuously differentiable. For the uniform continuity of the sequence of
approximations of the second order partial derivatives, this is a little trickier. We can
still derive a similar result by relying on the fact that f has compact support. As
any continuous function on a compact set is automatically uniformly continuous, we
can apply the mean value theorem (the first order derivatives are all continuous and
differentiable) and we thus have

1[of _ of o 0?f '
P ot he —v) = @) = 57T (@t the;
for some t € [0,1]. From this,

0 0 0?
Hot@ne -w-gre-n}h- 2 @)

| _Pf
o 8$16$] 89@8%

(z +the; —y)

(x —y)

In particular, since the mean value theorem holds for any value of & and since the
2
derivatives ﬁ are uniformly continuous, we have that for all £ there exist H such
1O
that for all h < H, for all x,
0% f 0% f
x + the; —y) —
’ (%czam] ( J y) 8:}528%

@) <



and hence

2
A @rme, - fa-n)- 2w <

which shows that the sequence of approximations

0 0
i ot@rhe; - - g@-u)}

converges uniformly to 89?-28];-' From this, we can thus move the derivatives inside
1O
the integral which gives
0%u 0% f
= P x—y)d

. . 32 . . . .
The derivatives _u - are continuous because the functlon 18 02 by assum[)tlon.
Ox;0x
i0%;

Note that the fundamental solution ®(y) is defined everywhere except at 0. We
can however still compute the integral (which should be understood as an improper
integral) as

[ ooy dy =ty [ e @y dy

If we consider the integral in that same improper sense, from the fact that f is C? on
a compact set, we have that 0, ., f are uniformly continuous and we can write that
for all &/, there exists § such that for all |z| < 4,

lim / O(Y)O0r,a, f(x —y + 2) dy — lim O(Y)Op,a, f(x —y) dy
=70 Jrm\B.(0) =70 JRm\B.(0)

lim / B(y) [Orre, f(@ —y + 2) — Ouro, fl@ — )] dy
R™\ B (0)

e—0

< sup |ax1xj f(:l: —y+ ,Z) - a:ri:rj f(ﬂ: - y)‘ lim @(y) dy
yER™\B. (0) e=0 Jre\B(0)

< ¢ lim b(y)dy, YV

e—0 R"\BE (O)

which shows continuity of 0, ., u.

We now need to show that u satisfies Poisson’s equation. Again we interpret our
integral in the improper sense as ®(y) is not defined at 0. We let

Au(z) = / B(y) A, fla — y) dy
R\ B(0,¢)



Integrating by parts gives

[ swafe-yd= | Uw-yisw) — ©
R™\B(0,¢) 8B(0, a) ov
-/ () Dyf@—y)dy (1)
»\B(0 s)
For (6) we have

Celogle] n=2
6) < sup |Df(x ds {
©) 63(0,6)‘ @) 8B(0,s)‘ W)l dS(y) < Ce n=>3

For (7), further integrating by parts yields

/ Do(y) - Dyf(x —y) dy = —/ Ad(y)f(x —y) dy
R\ B(0,¢) R\ B(0,¢)

0P
o Gy W@ ) asw)

Since ® is harmonic on R™ \ 0, this further simplifies into

D= Wiy

To control this last term, note that, from the definition of the fundamental solution,
we have

Iy
PO =
as well as
A
lyl e
From those relations, we can write the derivative 9, ® along the normal vector v as
0 _ Da(y) - 1 1

Ov nV(n)y|tt  nV(n)en1

but the ball B(0, ) has a surface S precisely given by nV (n)e"~!. Hence we have

(7) = — ]iB(O’E) flx—y)dS(y) = — ]éB(M) fly) dS(y)
=—f(x) whene—0

which concludes the proof.

The Green function

Divergence formula, integration by parts and Green formulas

For any set U C R™ with boundary 9U, let v* denote the i*" component (along ;)
of the outward pointing unit normal vector at a point = of the boundary OU. In

10



particular, for any function u € C'(U), we call

the (outward) normal derivative of w.

The Green formulas which will be used in the derivation of the Green function can
be proved from the Gauss-Green theorem which is given below

Theorem 4 (Gauss-Green). Let u € CY(U). We have

(i) /uxida::/ u-v'dS
U ou

(i1) Applying (i) to each component u,, and summing, we get

/divu:/ u-vdS (8)
U oU

which is known as the Divergence Theorem which we used in earlier
developments.

Applying part (i) of the Gauss-Green Theorem to the product (u,v) of any two
functions v and v gives the integration by parts formula:

/ Ug, v dx = —/ UV, d +/ (uv) v* dS (9)
U U U

Finally, the Green formulas are obtained by using integration by parts on u,, instead
of u, taking v =1,

Z ; Oou
Au dr = / Ug, V' dS = — dS,
/U oU ; ' ou OV

then taking v = v,, in the integration by parts formula, we get
/ Ug, Vg, AT = f/ UV, g, AT +/ uvxiui ds
U U au

/Du-Dvdw:—/uAvdw—i—/ u@dS (10)
U U ou Ov

11

Summing, we get



Interchanging v and v in (10) we can derive a similar formula involving Av

/Du-Dvdaz:—/vAudas—i—/ @vdS (11)
U U ou Ov
Finally, if we subtract (11) and (10) we get
/uAvd:c—/ @udS—/vAud;c—F/ %vdS:O (12)
U ou Ov U ou OV

Those relations are simultaneously known as Green’s formulas

Theorem 5 (Green’s formulas).

ou
Au dx = / —dS 13
/U au OV (13)

/Du-Dvdw:—/uAvdac—i—/ u@dS (14)
U U ou OV

/ ulAv dx — / vAu dx = @u ds — @v dsS =0 (15)
U U ou Ov ou Ov

Motivation and integral formulation

Let u be an arbitrary function in C?(U). Let us fix # € U and take € > 0 small
enough so that B(x,e) C U. Applying (15) to V. = U \ B(x,¢) with v = ®(y — x),
we obtain

/ u(y) AB(y — ) dy — / By - 2)Auly) dy
Ve

Ve
0P ou
- /BVE u(y) 5, (v — ) dS(y) - /@VE Oy —2)5-(y) dS(y)

using A®(y — x) = 0 we get

*/ Oy —z)Au dy:/av U(y)g%)(y*m) dS(y)*/ <I>(y*w)%(y) dS(y)

ove

On the 0B(x,¢) part of the boundary, we have

0 _
[ ey o)) dS(y)| < 0= max (0(y)] <
OB(x,e) v

9B(0,¢) Ce n>3

{ Celogle] n=2

Ihe constant follows from the fact that since u € C? the derivatives are bounded on
U.

Recall that in the proof of Theorem 3, we noted that the derivative of ® and the
outward normal each obeyed

1y Y Y
_ —, V=—+——=—>= 0 0B 0,5
AT Wl e (0:)

Do(y) =

12



From which

0P 1 1
—_— = Do =
o VP = T < BEG )

From this second line we can thus write
[
[ w2 dsw) = f  uy) dsy) - ule), when s 0
oV v OB(x,e)

All in all, when € — 0 we thus recover the integral formulation

The formulation holds for every & € U and any function v € C?(U). Recall that we
showed that when the integral is understood as an improper integral, and as soon as
f € C2(U), then u € C%(U). Formula (16) is particularly attractive. Indeed, when
looking for a solution to Poisson’s equation for example, we know that the Laplacian
Aw is given by the source term f on U. Moreover, the value of u is also known on
the boundary dU by means of the Dirichlet conditions. A difficulty remains however
as we don’t know the value of 0,u on OU. In order to derive a useful formula for the
solution u, we would therefore like to get rid of this first term.

Let us go back to Green’s identity

ou ov
Auv—Avudr = — — dS 17
/U uv vude /3UU3V us (17)

From this formula, if we could find a function v such that v = ® on U and Av =0
on U, we could then get rid of the J,u term in (17). Let v = ¢ denote such a function,
i.e. let us assume that ¢ satisfies Ap = 0 on U as well as ¢ = @ on OU. Substituting
this function in (17), we get

P
/Augoda::/ 02 4o — w22 4s
U U v ov
which we can then use to get rid of the d,u term in (16)

:/Aucpd:l:—i—/ 2ds — / y —x)Au(y) dy
oU 31/

— u— dS
v/dU 81/

Letting G(x,y) = ®(y — ) — p(y), this last expression can be reduced to

13



oG
u(x) = —/UAu G(z,y) dy —/8 u— dS (18)

U aV

Provided that we can compute the function G(x,vy) (known as the Green function)
formula (18) is a particularly efficient formula since, as was noted earlier, it gives us a
closed form expression for the solution to any Dirichlet problem (involving Poisson’s
equation of course).

Deriving the Green function

Note that (y) satisfies Ap = 0 on all of U and ¢(y) = ®(x — y) on OU. ¢ is
thus very similar to & which satisfies A® = 0 everywhere except at 0 where it is not
defined. One idea to construct ¢ is to start from ® and try to move the singularity
of ® outside of the domain U of G(x,y). As an example, let us consider the half
space € = (x1,x2,23) € Ri (note that Ri = (21,2, 23) with z3 > 0). If we take
Z = (1,22, —x3), then the function

1 1
n(n —2)V, |y — "2

e (y) =2y —x) =

clearly satisfies ¢*(y) = ®(y — @) on the boundary (i.e. x3 = 0). Moreover, for any
x, the singularity of ¢ is now located at © and hence moved into the lower half space
which leads to Ap” = 0 on R3 (since Laplace’s equation is translation invariant). We
can thus define our Green function as

Gz,y) =2y —z) - d(y— )

A similar idea can be applied to the open ball B°(0,1) = {z | || < R = 1}. In this
case, we again want to move the singularity from inside B(0,1) to outside this ball.
Proceeding as before, we let

z _ q
and try to find * (outside B(0,1)) and ¢ such that for |y| = R =1,

q _ 1
drlz* —y|  Ar|e — vyl

(i.e. on 9B°(0,1)) (19)

From (19), letting |y| = 1 we get

2" —y* = ¢*lz -y

14



Rearranging, we get
@ *+1-¢* (14 |2*) = 2y - (¢" — ¢’w)

Since the LHS does not depend on vy, the only possibility is to have £* = ¢?x which
gives

g'el* +1-¢*(1+[af?) =0
from which we get ¢ = |z|~!. We can therefore define our Green function as

1 1 1 1 1
G,y =~ Witha"=—@=
|z —y| A [z||lzr -y ||

The mapping  — x* = %w is called inversion through the sphere 0B(0, R) and x*
is known as dual of « with respect to 9B(0, R).

References

[1] Richard Haberman, Applied Partial Differential Equations with Fourier Series and
Boundary Value Problems, Fourth Edition, Pearson 2004.

[2] Lawrence C. Evans, Partial Differential Equations, Second Edition, Graduate
Studies in Mathematics, Volume 19, American Mathematical Society, 2010.

[3] Sandro Salsa, Partial Differential Equations in Action, Third Edition, Springer
2016.

15



