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Question 1 (5pts) Solve Laplace’s equation inside the rectangle 0 < x < L,
0 <y < H with the boundary conditions
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%(07 y) - 0;

Oz
Question 2 (5pts, Schwartz reflection principle) Let

(L,y) =0, u(x,0)=0, wu(z,H)= f(z).

B = {(z,y) eR? |22 +42 <1, y >0}
and u € C*(By) ﬁC(?f) harmonic in By, u(x,0) = 0. Show that the function

_ [ ulzy) y=0
Ul,y) = { —u(z,—y) y<O0

obtained by odd reflection with respect to y is harmonic in all of By. [Hint:
You can assume and use the uniqueness of the solution to the Dirichlet problem

Au=0 inQ
U=y on 0N

for any bounded domain Q2 and function u € C%(Q) N C(Q)]
Question 3 (5pts) Let f € C?(R?) with compact support K and
1

=—— [ loglz— d
ua) = —3= [ ogle —lf(w) dy
Show that
M —1
u(x) = —ﬂlog\aﬂ +O(|lx|77), as|x|— +oo

where M = [,. f(y) dy [Hint: write log |z — y| = log(|& — y|/|x|) + log || and
show that, if y € K then |log(|x — y|/|x|)| < C/|x|]



Question 4 (5pts) Find the Green functions for the following domains:
1. The half plane {(z,y) | x > ¢}
2. The disk {(z,y) | |(z,y) — (c1,¢2)| < R}

Question 5 (5pts) Let U € RN be a bounded open set. We say that a function
u is harmonic on U if u € C*(U) and Au=0 on U. We say that v € C*(U) is
subharmonic on U iff —Av < 0 in U.

(a) Prove that if u is real harmonic, the zeros of u are never isolated.

(b) Let ¢ € C=(R) be convex (¢"(x) > 0) and let u be harmonic in U. Prove
that the composition ¢(u) is subharmonic

(¢c) Let u be harmonic in U. Prove that |Vul|? is subharmonic.
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