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This note was written as part of the series of lectures on partial differential
equations (MATH-UA 9263) delivered at NYU Paris in 2022. The version is
temporary. Please direct any comments or questions to acosse@nyu.edu.

The Cauchy problem

In this lecture, we will study the Cauchy problem

uy — Dug, =0, in R x (0,00)
u(z,0) =g(z) nR

We start by proving existence of a solution. We consider the candidate solution given

by

u(z,t) = /R<1>(w —y,t)g(y) dy

where ®(x — y) is the fundamental solution. Such a candidate solution is motivated

by the fact that, as we previously saw, lim;_,o+ ®(x — y,t) = é(x — y) and

@) = [ de =)o) dy
From those we thus have

lim w(z,t) = lim [ ®(x—y,t)g9(y) dy = g(x)

t—0+ t—0t JRr

Moreover, since ®(x,t) represents the fundamental solution, hence satisfies

/R (O®(x — y,1) — DAB(x — y,1))g(y) dy = 0.

(1)



we can expect our candidate solution u to verify
Ou — DAu = 0. (3)

Provided that we can move the differential operator inside the integral, it therefore
seems like u provides a valid solution.

The following theorem shows that our reasoning is perfectly valid when the Cauchy
data g(x) satisfies an exponential growth condition.
Theorem 1 (Existence of a solution for the Cauchy problem). Assume that
there exist positive numbers a and c such that

lg(z)| < ce‘””2, for allz € R (4)

Let u be given by

u(z,t) Z/RCI’(w—yvt)g(y) dy = W/ gL g (y) dy (5)

and T < ﬁ. Then, the following properties hold

(i) There are positive numbers C and A such that
lu(z,t)| < Ce*™ | for all (z,t) € R x (0,T] (6)

(ii) u e C®(R x (0,T]) and in the strip R x (0,7

Uy — Dtgy = 0 (7)

(iii) Let (z,t) — (x0,07). If g is continuous at zo then u(z,t) — g(zo)

Proof. (i) L (e t < {15, forall t < T) we can find
a positive € such that ;37 —a > 57 and hence 37 —a > 757 for all ¢ (e is
thus independent of t). Recall that our candidate solution is defined as

_(z—y)?

U(ﬂf,t)=/R<I>(x—yat)g(y) dy = m/ i g(y) dy

Using our assumption on the Cauchy data, we can bound the modulus of this
candidate solution as

u(z, )] <

4Dt e‘“/ dy =

z2
TTD TCTDt/Re_mea(w_z)2 dz (8)

To reach a bound of the form |u(z,t)] < ce®®” we would like to

1) Move a term of the form ¢ outside the integral and



2) Reduce the remaining integral to something we can compute (or at least
bound). In this case, the most natural approach seems to be to turn the
integrand into a Gaussian pdf which is then easy to integrate on R (given
that the pdf has total weight one).

Note that

LQ+( )2_ L +L + +a72 2
apt " AT\ Vapy — ¢ T R —

Substituting this in (8), we get

u(z, )] <

2
a2 — %—az—i— a:)
c 6(a+?)ﬂ?2/e ( Dt i ) ds
VAar Dt R

. . .
We then use our time constraint, ;7 D ; —a > 157, which gives

1 1 1
4Dt /e~ /4Dt

and hence

2
1 ated)g? —<\/:Z+ 2 >
lu(z,t)] < —faie( +5> /e o vaoi=*/ dz
Vipe ~ Y E .

Applying the change of variables z <+ ﬁ — az we finally get
a2 2
lu(z,t)] < Le(‘ﬂr?)x /ef(zHa’ac)2 dz
Ve R
a2
S (A 27Te(a+T)I2

NG
which concludes the proof for (i)

Again, starting from the definition of our candidate solution

u(z,t) Z/]R‘I’(w—yi)g(y) dy = m e g (y) dy

We want to show that v € C*®°(R x (0,7]) (meaning u has derivatives of all
orders) and satisfies u; — Dug, = 0 in the strip R x (0,7]. To show that the
derivatives are continuous, we need to move the derivatives inside the integral.
We will rely on the following theorem

Theorem 2. Suppose f : X x [a,b] > C (—0c0 < a < b < o0) and f(-,t) :
X — C is integrable for each t € [a,b]. Let F(t) = fX (z,t)dp(x). Suppose 8{
exist and there is a g € L*(p)* such that ‘df (, )‘ < g(z) for all z,t. Then f
is differentiable and F'(t) = [ 8t Lz, t)du(x)

lg € L'(p) means that g satisfies [, [gldp < oo



(iii)

From Theorem 2 above, we thus need to bound the derivatives of all orders in ¢
and x (010F¥®(z — y,t)g(y)) by a function whose modulus is integrable. Those
derivatives read as sums of terms of the form

(@=y)? e
t "z —yl’e” D A’ up to multiplicative constants

Note that for such terms, we have
t— T‘Jj_y| - 4Dt Aeay =t Tlx_y‘ e_m_m"’_letAeay

Using (z — by)? = 2? 4+ b?y — 2bzy > 0 which gives 2zy < 22 + by?, we can
further write

22 y 2zy 2
t7"|x — y|®e”iDt e aDT e iDr AW )
<t5" (R+ |y))® e (2= 3) Ae~(ae —a—b)v’ (10)

Recall that from our time constraint, we have 55; > a. Moreover, using |a+b| <
|a| + 10| < 2max (|al, |b]) and hence |a+b|” < 2™|a|™ 4 2™|b|™, and taking b small
enough, we have

1 2

(10) < t(;TRS(25_1)e_;CQ(m_%)Ae—(ﬁ—a—b)y

1 2

+ taTZSflefmg(mfi) ly|°e —(abr—a—b)y

with ( i b) > (0. The first term is a Gaussian which is integrable on R.
To convince yourself that the second term can be bounded by a Gaussian as
well, note that

Z ly|* |y |®
s!
hence

o0 2 o0 2
/ ly|e=" dy < 2/ sleYe™ Y dy
0

— 00

o0 1\2 1
< 2/ sle *W=35)"¢da dy
0

which again is a Gaussian.

Since all the derivatives are bounded by non negative integrable functions, we
can move the differential operator inside the integral and connect (2) and (3).
Le.

—Au= / 010 (x — ) — AB(x — y)] d(y) dy = 0

This concludes the proof of (ii)

To conclude, we want to show that when g is continuous at xg, u(z,t) — g(zo)
when t — 0T. Note that this is equivalent to showing that for every € > 0, there
exists a § > 0 such that if |x — xo|,t < 0 then |u(xo,t) — g(xo)| < &. Since we



assumed that g was continuous, we can write V /2 34 s.t. |y — x| < 6 =
lg(y) — g(z0)| < /2. Using this, we can express the difference u(zg,t) — g(xo)
as

wro.t)—gen) = [ @y t)lolw) g(wo)) dy

+

/ Oz —y,t) [g(y) — g(x0)] dy

ly—z0|>d

< +/y_$0|>6<1>(w—y,t) l9(y) — g(z0)] dy

N ™

Where we used the fact that ® is non-negative. From our assumption on the
Cauchy data, on the other hand, we have

lg(y) — g(xo)| < Ae™” + A7

hence
ax? ay?
(w —y, 1) [g(y) — glxo)] dy < o —y,1) (A + 4™ ) dy
ly—zo]>4 ly—zo]>4
< Aes / O(x —y,t) dy
ly—x0|>d
+A Oz — y,t)e“y2 dy
ly—x0|>d

For both of these terms, we can apply the following reasoning (we do it for the
first term, the second one can be treated in a similar manner)

1 y?2 2
Pk vord dyS/ e YV dy (11)
\/|yfvo>5 \/m |y\/mfzo\>5
z 2

S/ e‘(y‘(_mfﬁ)) dy (12)

lyvVan Dt|>6

22 b2

S/ eV (=) e~ mbievant dy  (13)

|Z/\>\/ﬁ

In (11) we use the change of variable y < y/v4Dt. In (11), we use the change

Zo

of variable y ¢ y — —=t—. In the last line we again use 2zy < +y* + bz? and

take b sufficiently small to satisfy 1 — % > 0.

_ 1
Taking the limit ¢ — 0" in (13) and noting that etV = (ﬁ_%> gives
the conclusion.
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Non homogeneous problem and Duhamel’s principle

We now discuss how to solve the general (non-homogeneous) Cauchy problem

up — Dugy = f(x,t) in R x (0,7 (14)
u(z,0) = g(x) in R
We will start by considering the problem
up — Dugy = f(z,t) inRx(0,7T)
{ w(z,0) = 0 (15)

To solve this problem, we will rely on the following two steps approach known as
Duhamel’s principle:

1) Construct a family of solutions of homogeneous Cauchy problems with variable
initial time s, 0 < s < ¢ and initial data f(z,s)

2) Integrate the above family with respect to s over (0,%) to get the solution to (15).

As an illustration of the method, consider the family of homogeneous Cauchy problems

{thme reR t>s (16)

w(z,s) = f(z,s) z€R

(here s is thus viewed as a parameter). Recall that ®(x,t) is used to denote the
fundamental solution of the heat equation with initial data é(x) (i.e. ®(x,0) = d(x))
then ®(x,t — s) is the fundamental solution that satisfies the Cauchy problem

uy — DAu =10
e 2ot 1)
In particular for general Cauchy data of the form u(z, s) = f(x, s) we have
wla.tos) = [ @yt = )7(0.5) dy (18)
R

Integrating over (0,t), we get

v(x,t)/otw(x,t,s) ds/ot/RqJ(xy,ts)f(y,s) dy ds (19)

We want to show that this candidate solution satisfies (15). Obviously v(z,t) satisfies
v(x,0) = 0. To prove that it also satisfies the non-homogeneous heat equation with
f(z,t) as the source term, we first compute the time derivative d;v. Note that this
derivative arises from two contributions (as t and s are treated as distinct parameters):
a direct derivative with respect to time (that can be moved inside the integral) and
the derivative with respect to time of the integral taken at s = t. We thus have

Oy (/Otw(x,t,s) d5> = /Ot Syw(x,t,s) ds + <8t /Otw(a:,t',s) ds>

t'=t



Plugging this into the heat equation
t
vy — Duge = w(z, t;t) +/ (Orw(z,t,8) ds — Dwg,(x,t,8)) ds
0

= f(:I:,t)

v(x,t) is thus a valid solution of (15).

To obtain the solution for the general Cauchy problem, we use superposition. Combin-
ing the solution of the Cauchy problem for the homogeneous equation and the solution
of the Cauchy problem with a forcing term f(z,t) (heterogeneous heat equation) but
homogeneous Cauchy data.

u(w,t) = /be(x —y,t)g(y) dy + /0 /be(:v —y,t—s)f(y,s) dyds (20)

Clearly this solution satisfies our initial conditions as we have wu(z,t) — g(zo) as
(z,t) = (z0,0). Moreover, note that when applying our differential operator to the
first term in (20), the result vanishes as ®(x) satisfies the homogeneous heat equation.

Uniqueness

So far we have discussed existence of a solution for the Cauchy problem but we haven’t
proved uniqueness of the solution. Proving uniqueness is relatively straightforward
provided that we once again remain within the class of functions with growth at
infinity controlled by an exponential of the type CeA™” for all t > 0 (such a class of
functions is known as the Tychonov class). The uniqueness of the Cauchy problem
can then be derived as a consequence of the following maximum principle

Theorem 3 (Global Maximum Principle). Suppose u € C**(R™ x (0,7T]) N
C(R™ x [0,T]) solves

uy — DAu  on R™ x (0,T] (21)
u=g on R™ x {t = 0}
and satisfies the growth estimates
lu(z,t)] < Ae®™’ (z eR™,0<t<T) (22)

1
4aD

Moreover, assume t < T < for some constants A,a > 0 then

Sup w =supg
R” x[0,T] R"



Proof. From the assumption on ¢, we have T < ﬁ hence 3¢ > 0 such that 4a(T +
e)D < 1. Let us fix y € R, u > 0. We consider the function v(z,t) defined as

o |x—y|2

v(@ i) = ulmf) - ETEDTEH A (z € R",t>0)

Note that

9 " e

ot \(T + ¢ —t)n/2Dn/2

z—y|2 _ 2 —y|2
_ a e TTTEADD H [z~ | 26W
2 (T +e—t)yn/2+1pn/? (T +e—t)"/24D(T + ¢ — t)
Moreover
9, — Iz —2(z; — yi) e
Y (T+e—t)"/2D"/24AD(T + & —t)
as well as
P— )2 z—y|2

awLwl - _ /’1’ 2 e% + /’l’ 4(.’1}7{ ﬁ%) e%

(T +e—t)"/24D(T + ¢ —t) (T +e—t)"/216D*(T + ¢ — t)?

From this, we see that v(z,t) satisfies Oyv — Av = 0. Let U = B(y,r) the ball of
radius r centered on y. Recall that from the weak maximum principle, we have

maxv = maxov = max v(x,t) (23)
Qr o0QT |z—y|=ru{t=0}
Now on the {¢ = 0} part of the boundary we have
v(x,0) = u(x,0) — +e‘1‘<l;+yfl>213 (24)
’ - ’ (T+E)n/2Dn/2
< u(z,0) = g() (25)

On the |x — y| = r part of the boundary, we have

jZ 2
vt) = et = Tte—prepat 7 (26)
< Aealw‘2 - K eﬁ (27)
- (T+€7t)n/2Dn/2
a(lyl+r)? H T
= T Tt (28)
In the last line, we use the fact that - el/% is a decreasing function of z. ILe,

x

d 1 1/z | _ n 1/z 1 1 1/z
dx(x >x+ T\ T2)C

From the condition T' < ﬁ and 4a(T + ¢) < 1, we can always find v > 0 such that

1

WT+ep *T7



Substituting this in (28), we get

7'2

v(z, t) < Ae?WHDT — i (4(a + )™ o)
< e (—pd(a+4))M2 4+ AT el el

Such an expression in particular shows that we can always take r large enough so as
to satisfy

v(z,t) < elatnr <—M(4(a +)? + Ae_”2+2”|y‘+“|y‘2> <supyg
R

This implies
v(z,t) <sup g onlz—y|l=r (29)
Grouping (25) and (29), and substituting in (23), we finally get

maxv < sup g(z) (30)
Qr R

since y was arbitrary, we get

sup v(y,t) <sup g
R” % [0,T

Finally taking p# — 0 gives the conclusion

u(z,t) <sup g
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