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Question 1 (Vasy, Evans) Classify the following PDEs by degree of non-linearity
(linear,semilinear, quasilinear, fully non linear)

(i) (cosz)uy + uy = u? - -
(ii) wuy = u ’ (viid) w— > (o’ )., z; - =0
TT 1j=1 =1
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((IV; TLD | uwf +e%u, =0 (ix) us — Z (biu)mi =0

v u| = =t

(vi) div (|Du|p 2Du) =0

N . (X) div % =0

(vii) u (W) = (1+|Du|?)

Solution 1
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Note that for (vi) we have
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For (x), a similar reasoning yields
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Question 2 (Vasy 2.1) Recall that if @ C R? is a domain and u = (uy, ug,usz) :
Q — R3 is C', the the divergence of u is the function V-u : Q — R

V -u = 01uy + daus + dsus,
While the curl of u is the vector field V x u : Q — R3,
V X u = (Oquz — O3uz, O3uy — drug, O1uz — O2uq)
Further, for C? functions u, V?u : Q — R3 is the vector field
Vu = (Vuy, VZug, Vug)
= ((07 + 95 + 93)ur, (07 + 03 + 03)ua, (07 + 05 + 05) u3)

Show that

V x (Vxu)=V(V-u)—Vu
Solution 2 For any vector field w € R3, the curl can be computed as the fol-
lowing determinant

i J k
Vxu=| 0y Op Opy | =1(0n,uz— Osuz) — 3 (Ot — Opyur)
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Using this, we get
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Vx(Vxu)= O, O, O,
(Onyus — Opyuz)  (Ozyur — Opyuz) (O uz — Opyun)

Oy Opyup — 02, Uy — 02, U1 + Oy, O, u3
= —8;31U2 + 6.1:1 8:02“1 + amgamgu?; - a?JUQ (1)
*832U3 —+ 8123@3112 -+ 8118r3u1 — 8§1U3
On the other hand
8%1111 + 8r18m2u2 + 8118@113

V(V-u) = | Opy0p,us + 02y 0p,us + 02 us
Opy Oz, Ut + Opy Oz, uo + 8§3u3
Hence
6‘§1u1 + 3;,;18,,;2112 + 8m18m3U3 8%1’&1 + 332 up + 633111
V(V . u) - VQU - 81‘281‘17-1/1 + aZQUQ + 8I2813u3 - aglUQ + 832,“'2 + 823(“2

Oy Oy U1 + Oy Dy uz + 02 uz 92 uz + 02 uz + 92 us

from which we recover (1)

Question 3 Find the distribution of temperature in a long cylindrical tube with
mner radius r = a and outer radius r = b which s maintained at temperature
u(r =a) =T, and u(r =b) =Tp. (Stationnary case without heat generation)

Solution 3 We first recall how to derive the expression of the Laplacian in
cylindrical coordinates. We let

r1 = 1rcosf
To = 7sinf
Ir3 = 2

Viewing u(x1, 22, x3) = u(rcos@,rsinb, z) as a function of r, 6 and z, we get
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Using x1 = rcosf and xo = rsinf, we finally
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From this, the Laplacian is given by
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Developing each of those terms, we have
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as well as
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Combining those two expressions, we get
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Question 4 We consider the heat equation in cylindrical coordinates

_ e

5—787‘ ), a<r<b (2)

(i) Derive the equation above from the Laplacian and the change of variables

x =rcosf
y=rsinf
z=2z



(ii) We consider equation (2) subject to the following conditions

u(r,0) = ), Ge(a.0) =5, S0 =1

Using physical reasoning, for what value(s) of B does an equilibrium tem-

perature distribution exist?

Solution 4
(1) see solution 3

(ii) Consider the steady state, we have

) Ou_K0 (o
ot ror 781“

From the steady state equation, we derive
u(r) = Alogr + B

Using the boundary conditions, we get

ou
ou b
oW =P= g =F

Question 5 Find the temperature profile (steady state) in a long and thin wall
with the following parameters: u(x = 0) = 1000°C' = T}, u(x = L) = 200°C =
Ty, L = 1m, kg = 1W/m°C. Same question if the conductivity varies as ko +
klu.

Solution 5

(i) Viewing the wall from the top, we have a problem similar to the rod. The
wall satisfies the system

ou K() OQU

u(0) = 1000°, w(L) = 200°

The steady state gives u(x) = Ax + B and the boundary conditions give

800z

1
i -+ 1000

u(z,t = c0)



(ii) For the variable conductivity, combining the conservation of energy with
Fourier’s law, we get

ou
(/5: —(Ko—l—Klu)a—Z
ou 1 0 u

Looking at the steady state, integrating a first time with respect to x, we
get

ou
(ko + k:lu)% = cst

letting v(x) = ko + kix we get

From which we get the steady state solution
vi(z) = Az + B

since the conductivity is positive, we take

k 1
ko + kiu(z) = VAr + B = u(x) = fk—o + kf\/A.TJrB
1 1

The solution follows from applying the boundary conditions.

ko VB
Mm:’ﬁ*%?:ﬂéﬂmm
ke AL+ B
mmf—£+u—?i—:nzmw
1 1

Together we finally obtain
B = (kiTy + ko)?

1
A= 17 [(k1Ts + ko)? — (k1T + ko)?]

Question 6 Consider a uniform circular disk whose entire surface is insulated.
Assume that its temperature at t = 0 is a function only of the distance r from
the center of the disk. Starting from the basic physical laws, show that the
temperature u(r,t) of the disk satisfies the equation

ou 0%y  10u
=<5 05) ®)



Solution 6 To write down the conservation of heatl for the disk, we consider
a small annulus of thickness dr located between r = a and r = b. Since the
heat radiates all over the surface of the disk, it makes sense to write down the
conservation of energy for an annulus. In such a small annulus, if we let e(r,t)
denote the energy per unit area (and assuming no source of heat inside the
annulus), we have

%e(r, t)Adr = %e(r, t)2mrdr = (¢(r, t)2mr — ¢(r + dr, t)27(r + dr))

Using Fourier’s law, expressing the heat from the temperature as e(r,t) = cpu(r,t)
and taking dr — 0, we further get

cpgu(r, t)2mr = 9 (p(r,t)2mr)

ot or
0 ou
= o, (27” a)

From which one can conclude using the product rule
ou 9u  10u
I k —_— 4 ——
ot or?  ror

Question 7 Consider the flow of heat in a long thin bar (one dimensional case).
If the bar gains heat due to radioactive decay, determine the equation satisfied
by the temperature u(x,t). Assume that the rate at which heat is gained per unit
volume by radioactive decay is proportional to e **.

Solution 7 From the radioactive decay, assuming a cross sectional area A, we
get

Oe(x,t ;

%Adm = ae P Adx 4+ A (¢p(x,t) — ¢(x + da, 1))
Using Fourier’s law and expressing the heat energy from the temperature u(x,t),
we finally get

ou  « 0%u
= e P
ot pce - Ox?

Question 8 A thin bar is conducting heat along its length and is also radiating
heat from its surface. The temperature of the surroundings is U. Assume that
the radiation obeys Newton’s law, that is, the time rate of change of temperature
due to radiation is proportional to the temperature difference between the body
and its surroundings. The bar has cross-sectional area A and a density §. Derive
the differential equation satisfied by the temperature.



Solution 8 From Newton’s law, we have

ou
a—: =(u—T)a
From this we derive
ou 9%u
pegr = ko(‘)? + (u—T)apc
ou 0%
E = ]\"w + CY,(U — T)

Question 9 Consider the one dimensional heat equation in the case where heat
18 gained by the decomposition of the material in the bar. Derive the differential
equation satisfied by the temperature if the rate at which heat is gained per unit
volume by decomposition is a constant, A.

Solution 9 The reasoning is the same as for question 7. For a cross sectional
area S, we have

%Sdl’ = ASdx + [¢p(x,t) — phi(z + dz,t)]S

hence, using Fourier’s law

@ 1 A ]1”,0 0271,
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Question 10 Assume that the temperature is spherically symmetric, u = u(r,t),
where r is the distance from a fived point (r? = x> +y?+ 22). Consider the heat
flow (without sources) between any two concentric spheres or radii a and b.

1. Show that the total heat energy is 4w fab cpur? dr

2. Show that the flow of heat energy per unit time out of the spherical shell
atr=1"is —47Tb2K08u/67“|r:b. A similar result holds at r = a.

3. Use parts (i) and (ii) to derive the spherically symmetric heat equation
ou k 0 [ 50u
(22
ot r2or or

Solution 10



1. Recall that the surface element of the sphere (see 1) is given by

dS = r?sin¢ df de

From this we get the surface of sphere of radius a as

™ 2m
/ / r?sin ¢ df dp = 4na®
o Jo

Similarly, the volume element is given by
dV =rsinp df r dp dr

We can then express the conservation of energy by integrating over a thin

shell
2w pm pr=b
/ / / e(r,t)r?sing df df dp dr
0 0 r=a

Using e(r,t) = cpu(r,t), and integrating over ¢ and 0, we get

r=b
/ cpu(r, t)r24mdr

=a

. The fluzx is directed in the direction normal to the constant temperature
surfaces. Hence ¢ = —Kg—ﬁ. The total fluz leaving the surface of the
sphere of radius r = b can be derived as

2
/ —K@TQ sin ¢ dp df
0 0 or

pr 2

= AnK
g or

r=b

. As we did with the disk, using the conservation of energy inside the [a, D]
shell, we have
@

a2

r=a

b2 + 47K,
b +7T087“

r=b
—47rK0/ % (7’2?;) dr

Since the integral holds for any radii a and b, by symmetry, we get

du_Ko1 0 [ ,0u
ot cpr2or or

r

r=b
0
/ cpu(r, t)dmr? dr = —4w K a—u
T

=a



Question 11 Determine the steady state temperature distribution between two
concentric spheres of radii 1 and 4 respectively, if the outer sphere is maintained
at 80° and the inner sphere is maintained at 0°

Solution 11 Using (3), we get

Ou _ 10 [ ,0u) Ko
ot r2or \| or pe

u(1,t) = 0°, u(4,t) = 80°

The steady equation then gives

From this we get

Hence

u(r) = fé + B

Using the boundary conditions, we finally obtain

320 320

11,('7‘) = _37 + 3
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Figure 1: Spherical surface and volume elements
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