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Previous lecture

» General overview
» What is Machine Learning?
» How does it fit between deep Learning and Artificial
Intelligence?
» What are the different classes of methods?
» What are the risks ?
» What are the challenges?
» What are we going to do during the class ?



Remember the algorithms we are going to study?

From CWS 2018, decision making with Amazon SageMaker

Soomr 3




Today

» General reminders on statistics and probability
» Bayesian vs Frequentist

» First (short) intro to online (programming) tools



Statistics and probability

» Why using stats/proba?

» Machine Learning relies on complex distributions (cancerous
cells, possible moves in Go, Existing sign roads, possible
evolutions of stocks, connections between people, words,..)

» Only a few samples are usually available

» = We need a way to measure how well those samples are
representing the underlying (unknown) distribution



Why is that important?

Self-Driving Uber Car Kills Pedestrian

in Arizona, Where Robots Roam

A woman crossing Mill Avenue at its intersection with Curry Road in Tempe, Ariz. on Monday. A
pedestrian was struck and killed by a self-driving Uber vehicle at the intersection a night earlier.
Caitlin O'Hara for The New York Times
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Deep Learning Is Not Good Enough,
We Need Bayesian Deep Learning for Safe

Bayesian Deep Learning; Computer Vision, Uncertainty

In May 2016 we tragically experienced the first fatality from an
assisted driving system. According to the manufz e o]
“Neither Autopilot nor the driver noticed the whlte side of the
tractor trailer against a brightly lit sky, so the brake was not

applied.” i

In July 2015, an image classification system erroneously
identified two African American humans as gorillas, raising
concerns of racial discrimination.
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Reminders (1)

(Discrete sets of events)
> Sum rule p(X) = >y p(X]|Y)

» Product rule p(X,Y) = p(X|Y)p(Y)

» Bayes theorem

p(X[Y)p(Y)

p(Y|X) = o(X)

(continuous sets of events)

» density p(x), marginalizing

b
plxe lab) = [ pbde, plx) = [ plx.y)dy



Reminders (11)

v

Cumulative distribution Function (CDF) F(z) = [*__ p(x) dx

v

Expectation E[x] = [ xp(x)dx, E[x] = >, x;p(x;)

v

Conditional expectation Exf(x|y) =3, f(x)p(x|y)

v

Variance Var[x] = E {(X - EX)2}

v

Covariance Cov[x,y] = E{(x — Ex)(y — Ey)}



Reminders (IlI) A few important distributions

» The gaussian distribution

Ni(xlp,0%) = —= eXP(—%(X—My)

» Uniform distribution: P(y) = |bla|’ y € [a, b]

» 2 distribution: x2 ~ SV | Z:? with Z; independent standard
normal RV.



Reminders (V) A few important distributions

» Binary variables: Bernoulli and Rademacher,

Bern(x|j1) = u*(1 — u)*, xz{ D o<us

(1/2), x=+1
Rademacher: e(x) =4 (1/2), x=-1
0, otherwise



Reminders (V) A few important distributions

» Beta distribution

1
B(a, b)

Beta(x|a, b) = x(H(1 — x)b1

_ (ar(p)
B(ab) =35 h)

» (a) is the Gamma function.



The exponential family

» Many of the distributions we have discussed are part of a
general family called The exponential family

» The exponential family has many interesting properties

> It is the only family of distribution with finite-sized sufficient
statistics

» It is the only family with known conjugate priors
» It is at the core of generalized linear models

» it is at the core of variational inference

» we will come back to these notions later



The exponential family

» A pdf p(x|0) is said to be in the exponential family for
x=(x1,...,xm) and § C RY if

pLx10) = g7 exp(07 ()
— h(x) exp(67T6(x) — A(D))

» Z(0) and A(0) are defined as

2(0)= | hx)eploTo(x)] ox
A(6) = log(2(6))

» Z(0) is called the partition function, 6 are the mutual
parameters, ¢(x) € R? is the vector of sufficient statistics,
A(0) is the log partition function or cumulant function.



The exponential family

» Two examples
» Bernoulli

Ber(x|u) = p*(1 — p)' ™ = exp(xlog () + (1 — x) log(1 — 1))
= exp(¢(x)"0)

» Univariate Gaussian

» The Uniform distribution does not belong to the exponential
family



Parameter/model inference: Bayesian vs frequentist

> The linear regression model is a special instance of a more
general idea called model inference (among which one finds
the MLE)

» We will study the notion of inference in more details later in
the class. For now we only cover the main ideas.

» Inference can be used in both supervised (learn new labels
from training labels) and unsupervised (learn parameters from
distribution) frameworks

» You will often hear about frequentist vs Bayesian approaches.



Parameter/model inference: Bayesian vs frequentist

» Bayesian statistics.
» Considers the (distribution) parameters as random

> Relies heavily on the posterior distribution p(8|D)
» dominated statistical practice before 20" century
» Ex: MAP argmax P(D|0)P(0)

0

» Frequentist statistics (a.k.a classical stat.)

» Parameters 0 viewed as fixed, sample D as random
(Randomness in the data affects the posterior)

» Relies on the likelihood or some other function of the data
» dominated statistical practice during 20 century
» Ex. MLE : argmax P(D|6)

0



Bayesian statistics: Some vocabulary

» We saw Bayesian inference relies on the posterior p(6|D)

» The posterior reads from the Bayes rule as

p(D[0)p(0)
p(D)

_ p(DI9)p(0)
[ p(DI0)p(0)do

» p(6) is called the prior, p(D|#) is called the likelihood function
and Z = p(D) is the normalizing constant (independent of )

p(61D) =

» Given a set of patterns (x,“yu), classifiers are usually of two
types:
» Generative (learn model for p(x,y|0))
» Discriminative (learn model for p(y|x,8))



Bayesian statistics: Some vocabulary

> An example of discriminative classifier : Logistic regression
» Here we take u(x) = sigm(w " x) and define the classifier as a
Bernoulli distribution

p(y|x, w) = Ber(y|u(x))

» Good when the output is binary

> An example of generative classifier : Naive Bayes
» relies on the assumption that the features (hidden variables)
are independent

D
p(x|ly = ¢,0) = [ [ p(xly = ¢, 0c)
j=1

> 0; . is the parameters of the distribution of class ¢ for j* entry
in the D-dimensional pattern vector x € {1,..., K}".

» We will study those models in further detail when discussing
classifiers.



Bayesian statistics

> In Bayesian statistics, randomness is most often used to
encode uncertainty

» The posterior p(6|D) summarizes all we know on the
parameters

» Bayesian inference is not always the right choice because of
the following

» The Mode is not a typical point in the distribution

» MAP estimator depends on re-parametrization



Bayesian statistics: Drawbacks and solutions

» A solution to the first part is to use a more robust loss
function £(6, 0)

» A solution to the second part is to replace the MAP with the
following estimator (when available)

0= <'=1rgr0j1€=l><P(D|¢9)P(¢9)|’(19)!_1/2 (1)

where 1(0) is the Fischer information matrix



Fischer information matrix

» For a generative model p(x|0), we let g(0, x) denote the
Fischer score

g(0,x) = Vg log(p(x|0))
» the Fischer Kernel is the defined as
k(x,x') = g(0,x)"F1g(0,x")
» The matrix F is called the Fischer matrix and defined as
F = Ex {g(6.x)g(6.%)" |

» Note that it is often computed empirically as



Occam’s razor and Model selection

» Only looking for the best model often leads to overfitting (we
will see that later in more details)

» Bayesian framework offers and alternative called Bayesian
model selection

» For a family of models, we can express the posterior

 p(Dm)p(m)
PimiD) = < = p(mID)

x p(D|m)p(m)

where p(D|m) = [ p(D|0)p(0|m)d0 is called the marginal
likelihood, integrated likelihood or evidence



Occam’s razor

> Integrating the parameters @ such as in

p(D|m) = / p(D|6)p(6]m)d6

acts as a natural regularization and prevents overfitting when
solving for max,, p(m|D). This idea is known as Bayesian
Occam'’s razor

» The evidence p(D|m) can be understood as the probability to
generate a particular dataset from a family of model (all
values of the parameters included).

> When the family of models is too simple, or too complex, this
probability will be low.



Bayesian decision theory

» How do we resolve the lack of robustness of Bayesian
estimators vis a vis the distribution (recall the bimodal
distribution)?

» Statistical decision theory can be viewed as a game against
nature.

> Nature has a parameter value in mind and gives us a sample

» We then have to guess what the value of the parameter is by
choosing an action a

» As an additional piece of information, we also get a feedback
from a loss function L(y, a) which tells us how compatible our
action is w.r.t Nature's hidden state.



Bayesian decision theory

> The goal of the game is to determine the optimal decision
procedure,

argmin E{L(y, a)}
acA

» In economics L(y,a) = U(y, a) and leads to the Maximum
utility principle which is considered as rational behavior

i(x) = aragg:l‘ax E{U(y,a)}

> In the Bayesian framework, we want to minimize the loss over
the models compatible with the observations {x,,}

5(x) = argmlnE O1xh) {L(0; )} =D L(0,a)p(6] {x4},)

0cO



Bayesian decision theory (continued)

» The MAP is equivalent to minimizing a 0/1 loss

. 0 ifd+£0
L(Q’a):]lesﬁé:{ 1 ifd=0.

we then have

EL(6,0) = p(0 # 0| {x,},) = 1 — p(0 = 0] {x,},)
= 1 p(0 = 0] {x,},)p(0Ix,.)

which is maximized for & = § with # taken as

0" ({xu},) = argmax p(O1{xu},)



What do we do with noisy data?

> Is it possible to take more robust losses?
> (5 loss, L(f,0) = |0 — 0|2 gives posterior mean

E {(9“ - 9)2\x#} — E[6?|x,,] — 20E[0]x,] + 02
> setting derivative to 0, 89E{9A]xu} =0, we get

—2E{f|x,} +20 =0

0= /9p(0|xu) do



What do we do with noisy data? (continued)

> Is it possible to take more robust losses?
» (1 loss, L(f,0) = |0 — 0| gives posterior median
» The value 0 such that

p(6 < b]x,) = p(6 > f]x,) = 1/2



What do we do with noisy data? (continued)

>

Now assume 6 defines the value of some hidden variable 3%
(e.g. the class of a point x,, defined by a gaussian mixture 8).

Finding the optimal parameters (or equivalently estimate the
hidden state) can be done by considering the error

Lg(g’ é) = E(xuvYM)NP(Xu:YH‘G) {6(0’ fé)}
= Z Zﬁ(yu, f—é(XH))p(Xu,wa)

Xp  Yu

The Bayesian approach then minimizes the posterior expected
loss

argmin/p(0|D)Lg(0,§) db
0

Note that here the model is fixed and we want to learn the
parameters (>< model selection)



How to pick up the priors?

» The controversial aspect of Bayesian statistics are the priors

» The main argument of Bayesians is that we most often know
something about the world

» When it is possible, it makes things easier to pick up a prior
from the same family as the likelihood function

» Another choice is to use uninformative priors



Hierarchical Bayes (1)

» Sometimes we want to use several levels of (hyper-)parameters
D+ m<+ (a,p)

» The resulting model is known as Hierarchical Bayes or
multi-level model

> E.g.: related cancer rates



Hierarchical Bayes (I1)

» We want to predict cancer rates in various cities. Suppose we
measure the number of people in each city i, N;, and the
number of cancers x;

» we assume that the number of cancers follows a Binomial,
Xj = Bin(N,-,G,-)

> We could assume that all rates are independent or all the
same 0; = 0 for all i. An alternative is to assume 8; are similar
but with some inter city variation

N
p(D, 0, 77\/\/) = P(n) H Bin(Xi‘Nl'v Hi)Beta(eia T’)
i=1



Empirical Bayes
» In graphical models, we will need to compute the posterior on
multiple levels of latent variables
» Imagine a two level posterior p(n, 8|D) = p(D|0)p(0|n)p(n)

» Sometimes it is possible to get rid of the first order parameters
by marginalizing (whenever we can compute the integral)

» then we can estimate the second order parameters as

7) = argmaxp(D|n) = argmax [/ P(D|9)P(9|77)d9}
7 7

» This approach is called Empirical Bayes or Type || maximum
likelihood (in ML sometimes called the evidence procedure)



The Frequentist approach

> Unlike the Bayesian framework, the frequentist framework
does not treat the parameters as random variables

» Frequentist statistics thus does not rely on the use of priors

> In frequentist statistics, randomness occurs from the variation
across multiple trials

» The estimator is computed by applying some function to the
data,

0 = 6(D)



The Frequentist approach

» Uncertainty is encoded in the sampling distribution.

» Assume that we have access to S data sets generated from
P(', 9*)

» for each dataset, we get one estimator §(D%), s =1,...,S

» When taking S — oo, the distribution we obtain is called
sampling distribution.

» The sampling distribution is the distribution encoding the
uncertainty on the estimator



Frequentist decision theory

v

In Frequentist statistics there is a loss and a probability
distribution

v

but there is no prior and hence, no posterior

v

To select an estimator, the frequentist framework considers
the expected loss

R(O".0) = B,y [LO".5D)] = [ LO" 3(B))p(Blo)aD

v

The problem is that we do not have access to 0*..



Frequentist Decision theory: possible fixes

v

One way would be to nevertheless consider a posterior on 6*.

In this case we could write

v

R(0) = Epg+)[R(07,6)] = /R(O*,é)p(@*)d@*

v

One estimator (which then becomes Bayesian) is then given by

dg = argminRp(9)
6

v

The problem is that in the Frequentist setting , we don't want
to do Bayesian stats



Frequentist Decision theory: possible fixes

» An alternative is to define the maximum risk

Rmax(9) = max R(0*,9)

» The minimax estimator is then defined as

Imm = argminRmax(9)
1



How to choose the estimators optimally?

> Frequentist decision theory does not provide a way to choose
the best estimator

» There are however desirable properties that we will usually
want the estimator to have

» Consistency. An estimator is consistent if
0(D) — 6* when |D| — o
» An estimator is said to be unbiased if
bias(0(-)) = Epoper) {8(D) — 0"} = 0

» An estimator is assymptotically optimal if it achieves the
smallest assymptotic variance among all unbiased estimators

Var(0) > Cramer-Rao bound

nl(6*)



How to choose the estimators optimally?

» On more thing..

» Although we cannot really choose an optimal estimator within
the frequentist framework because we don't have access to
the true parameter 6

» However there are estimators which are always better than
other whatever be the value of 6*

» When two estimators 1 and d> are such that
R(6%,61) < R(0%,02), for all 6*
» We will say that §; dominates 6,

» Finally we say that 6 is admissible if it is not strictly
dominated by any other estimator



How about the MLE?
» The MLE is a consistent estimator (corresponds to minimizing

» How about the bias ? Let's check the MLE for the Gaussian
distribution

Mean : bias(f {N Zx, } =

N
1
Variance : E&%/,L =N E (Xn — ,IAM\/IL)2 =
n=1

N—1
N o

» Although the MLE may be biased, it is assymptotically
unbiased

» MLE meets the Cramer-Rao bound and is this assymptotically
unbiased



The bias variance tradeoff

» Suppose we choose to select our estimator based on a
quadratic loss, L(f,60%) = (6* — 0)?

» The corresponding function E {(0* — @)2} is known as the
MSE

E (00| +20- 0"

_ E{(é _)}

JE
+(0 -0
= var(f) + bias?(f)

» MSE = variance + bias?



The bias variance tradeoff (H,T,F, Elem. of stat
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Empirical risk (1)

> In practice, we cannot compute the risk function in the
frequentist setting

> It is however possible to optimize the loss in
regression /prediction problems instead of hidden variables
estimation

> In regression, we have a loss of the form L(y,dy(x)) (we
minimize mismatch between labels)

R(p*,é): X}’[Lya ]_ZZ Ya 7)/)

> p.(x,y) is unknown but we can replace it by the empirical
distribution

N
p*(xay):pemp aY‘D Z



Empirical risk (I1)

v

From the empirical distribution, we can define the empirical
risk

Remp(Da 5) (pemp( ‘ID

N
Z Yis

Taking L(y,d(x)) = 1,..5(x) gives the misclassification rate

v
= \

v

Taking L(y,d(x)) = (y — d(x))? gives the mean sqaured error

v

the optimal decision rule § is then obtained as

SERM = argminRemp(D, §)
é



Empirical risk (1)

» The empirical risk is equal to the Bayes risk if the prior on
nature’s distribution is that this distribution equals the
empirical distribution.

» As a consequence, the empirical risk will lead to overfitting

» One solution is to add a regularizer (we will go back to this
later when discussing regression)

R'(D,8) = Remp(D, 8) + AC(5)

» C(0) measures the complexity of the model.



Empirical risk (1)

» The empirical risk is equal to the Bayes risk if the prior on
nature’s distribution is that this distribution equals the
empirical distribution.

> As a consequence, the empirical risk will lead to overfitting

» One solution is to add a regularizer (we will go back to this
later when discussing regression)

R'(D,8) = Remp(D, 8) + AC(5)

» C(0) measures the complexity of the model.



Why is overfitting bad?

Test data
/

Prediction error

Training data

Model complexity



Structural risk and cross validation

» How do we choose the multiplier \ 7

» One possibility is to use cross validation.

» Assume that you have a prediction model P(x,#) which gives
you outputs/labels

y =P(x,0)

» Where § is estimated by fitting some a model of order (i.e
complexity) m to the data

0 = F(D, m)

» We now split the dataset D into folds Dy and Dy =D \ Dx



Structural risk and cross validation

» From the folds Dy, we can then write the risk R as

R(m, D, K) Z Z L(yi, P(xi, F(Dx, m)))

k 1 IGDk

» When taking |Dx| = 1, this idea is called Leave one out cross
validation

> In this case, the risk is simply given by

N

R(m,D, N) = %ZL(y,,fm (xi))

i=1

» How is that useful for regularization?

A= argmin ——
)‘e[)‘min 7)\max] ‘Dtrain‘



Statistical Learning Theory

> Another approach would be to use statistical Learning theory
(SLT) to derive an upper bound on the risk

» Will be covered in more details at the end of the class

» For today just remember that the deviation between the
empirical risk and the population risk can be bounded as

— * < 2di —2Ne?
P(TE%\Remp(Dh) R(p*, h)| > ¢e) < 2dim(H)e



Summary

Bayesian Frequentist
Random parameters Deterministic parameters
but variability across trials
Optimizes posterior optimizes loss
MAP MLE
Max posterior is optimal Consistency, variance, bias
Model selection through | Model selection only possible
posterior expected loss | in prediction through emp. loss




